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Measuring transmission between four antennas in microwave cavities, we investigate directly the
channel cross-correlations C of the cross sections σab from antenna at ~ra to antenna ~rb. Specifically
we look for the CΣ and CΛ, where the only difference is that CΛ has none of the four channels
in common, whereas CΣ has exactly one channel in common. We find experimentally that these
two channel cross-correlations are anti-phased as a function of the channel coupling strength, as
predicted by theory. This anti-correlation is essential to give the correct values for the universal
conductance fluctuations. To obtain a good agreement between experiment and predictions from
random matrix theory the effect of absorption had to be included.
PACS numbers: 03.65.Nk, 42.25.Bs
Quantum transport in mesoscopic systems is at the
center of interest in different fields for its relevance
to quantum devices and information technology [1, 2].
Quantum transport in mesoscopic systems occurs when
the coherence length is larger than the system size [3].
From this point of view microwave experiments are an
extraordinary laboratory for testing quantum transport
in the mesoscopic regime, since the coherence length is
basically infinite. Within this regime the transport is bal-
listic when the mean free path l is larger than the system
size L and it is diffusive when l < L < ξ, where ξ is the
localization length. One of the prominent examples of
quantum phenomena in mesoscopic systems is given by
the universal conductance fluctuations (UCF) [1, 4, 5].
In the UCF regime, the dimensionless variance of the
conductance is independent of sample size or disorder
strength and it attains the universal value of 1/8 in the
ballistic regime and of 2/15 in the diffusive regime. These
universal values are valid in the limit of large number of
channels in the external leads and of perfect coupling be-
tween the leads and the disordered systems. On the other
side, the transport properties in the mesoscopic regime
are strongly affected by the coupling strength with the
leads [6, 7] and by absorption or dephasing. The cou-
pling strength with the channels can be tuned in several
relevant systems, such as quantum dots or microwave
cavities [1], and the number of channels can be small.
At the core of UCF lies the strong correlations between
the transmissions through different channels. These cor-
relations are the signature of coherent transport, indeed
for incoherent transport the correlations are zero. Chan-
nel correlations play an important role in mesoscopic
transport [6], but their direct measurement is a diffi-
cult task. Here we present the results obtained from
the analysis of transport through a chaotic microwave
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FIG. 1. (color online) Correlation functions CΣ (blue dots)
and CΛ (red squares) as a function of the mean coupling κ
using a frequency average of 100 MHz and all measured sam-
ples. Symbols are experimental data. Numerical data (dashed
curves) have been obtained from a GOE matrix 200 × 200
with M = 4 channels, using 104 ensemble realizations and
196 fictitious channels to mimic absorption. In order to have
agreement with the experimental results it was essential to
take into account the appropriate absorption for each mean
coupling κ, see text.
cavity attached to four antennas, each playing the role
of an independent channel. The coupling strength κ to
the antennas are the same and varies with frequency.
Channel correlations have been studied as a function
of such coupling (see Fig. 1). The channel correlations
have been extracted from the cross-sections (transmis-
sions, a 6= b) from channel a to channel b, σab. As we
are interested in UCF we concentrate here only on the
transmissions. Channel correlations, as a function of the
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2coupling strength κ, are defined as:
C(κ) = 〈σab(κ)σcd(κ)〉 − 〈σab(κ)〉〈σcd(κ)〉. (1)
The 〈· · ·〉 represents an average over frequency and sys-
tem configurations and the · · · over different combina-
tions of the indices. There are two important correla-
tions (1) for the transmission (a 6= b and c 6= d). The
so-called CΣ-correlation has exactly one identical index
in the first and second factor. So either a = c or b = c (or
either a = d or b = d). The CΛ-correlation forbids any
equal index. In Ref. [6], using Random Matrix Theory
(RMT), it was shown that channel correlations strongly
depends on the coupling strength between the external
environment and the disordered system and on the type
of correlations considered (CΣ, CΛ). In Fig. (1) chan-
nels correlations obtained experimentally as a function
of the coupling strength are shown (symbols) in compar-
ison with numerical results from RMT (dashed curves).
A typical antiphased behavior of the two types of corre-
lations, first predicted in Ref. [6], is clearly shown. One
of the main challenges to study correlations between dif-
ferent transmission channels was to take into account the
role of absorption which inevitably occurs in the experi-
mental set up. Once the effects of absorption was taken
into account, a good agreement was found between the-
oretical and experimental results. Usually in electronic
transport, also the role of dephasing should be taken into
account. While absorption refers to probability losses,
dephasing can occur also in absence of probability losses
and it implies that phase coherence is not maintained.
Often dephasing shows similar effects in physical observ-
ables as absorption, like broadening of resonances, but
it has a different nature, which can be for example also
detected in Fano resonances [8]. As a result dephasing
does not necessarily affect the value of conductance but
has a large impact on correlations. In contrast to elec-
tronic transport, in microwave experiment dephasing is
practically zero.
—Theoretical model— Statistical properties of a
chaotic cavity with time reversal symmetry can be mod-
eled by a GOE Hamiltonian matrix H [1, 9, 10], where
matrix elements are Gaussian random variables, 〈H2i,j〉 =
1/N for i 6= j and 〈H2i,j〉 = 2/N for i = j. According
to the well developed formalism [9–18], an open system
can be described in terms of the effective non-Hermitian
Hamiltonian H,
H = H − i
2
W ; Wij =
M∑
c=1
AciA
c
j , (2)
where in our case H is a GOE random matrix. The
non-Hermitian part is defined by W , standing for the
coupling between N intrinsic states |i〉, |j〉, and M open
decay channels labeled as a, b, c . . .. The factorized struc-
ture of W is dictated by the unitarity of the scattering
matrix. We restrict ourself to time-invariant systems,
therefore, the transition amplitudes Aci between intrinsic
states |i〉 and channels c can be taken as real quantities.
In our study the amplitudes Aci are assumed to be ran-
dom independent Gaussian variables with zero mean and
variance [13, 19–22]
〈AciAc
′
j 〉 = δijδcc
′ γc
N
. (3)
Taking the non-Hermitian matrix (2) one can construct
the scattering matrix:
Sab(E) = δab − iT ab = δab − i
N∑
i,j
Aai
(
1
E −H
)
ij
Abj ,
(4)
where T ab are the scattering amplitudes determining the
cross section σab = |T ab|2 between channel a and channel
b.
The transmission coefficient T c through channel c can
be written as:
T c(E) = 1− |〈Scc(E)〉|2 = 4κ
c
(1 + κc)2
(5)
where κc determes the strength of the coupling to the
continuum and can be written as
κc =
piγc
2ND
, (6)
where D is the mean level spacing. Here we consider the
case of M equiprobable channels, κc = κ. We performed
all our numerical calculations for the case of GOE ensem-
ble at the center of the energy band, so that D = pi/N ,
and κ = γ/2.
According to standard scattering theory, the cross sec-
tion σab can be computed from the product of the prob-
abilities to enter via channel a and to exit via channel
b. The probability to enter through channel a is given
by T a, Eq. (5) while the probability to exit channel b
can be computed by considering all the possible ways to
exit the system. For equivalent channels (T = T a) the
probability to exit via any other channel than a is pro-
portional to (M −1)T , while the probability to exit from
the same channel is proportional to FT , where F is the
enhancement factor [19, 20]. For the GOE ensemble we
have F = 2. So that the probability to exit from channel
b can be computed as T b/(
∑
c6=a T
c + FT a), so that we
obtain for equivalent channels [19, 20],
〈σabfl 〉 =
T
F +M − 1 ; a 6= b. (7)
—Universal conductance fluctuations— We can define
conductance in analogy with mesoscopic physics, con-
sidering M/2 b−channels as left channels corresponding
to incoming waves, and other M/2 a−channels, as right
3channels for outgoing waves. Then the conductance G0
can be written as:
G0 =
M/2∑
a=1
M∑
b=M/2+1
σab . (8)
The properties of the conductance are entirely deter-
mined by the inelastic cross-sections, b 6= a, and for
equivalent channels the average conductance reads (see
Eq. (7)),
〈G0〉 = M
2
4
〈σab〉 = M
2
4
T
M − 1 + F . (9)
The variance var(G0), for perfect coupling, κ = 1, and
very large number of channels, M  1, equals the famous
value 1/8 for ballistic transport, which is the regime of
our experiment. That the variance is independent of the
mean conductance is one of the striking striking effects
of universal conductance fluctuations. The more general
expression for finite number of channels (for κ = 1 and
the GOE) can be found in Refs. [1, 3]:
var(G0) = 2
(M/2)2[(M/2) + 1]2
M(M + 3)(M + 1)2
. (10)
To obtain the correct final expression one has to take the
cross section correlations of the kind shown in Eq. (1)
into account appropriately [23–26]. They enter into the
variance in the following form [6]:
var(G0) =
M2
4
(
T
F +M − 1
)2
+NΣCΣ +NΛCΛ, (11)
where NΣ = L(M − 2), NΛ = L(L−M + 1), L = M2/4
and CΣ, CΛ are the two types of correlations discussed in
the introduction. As one can see, if one neglects the cor-
relations, the first term gives 1/4 (for T = 1 and M  1),
instead of the value 1/8. This result clearly demonstrates
the crucial role of correlations determining the conduc-
tance fluctuations (see also [27]).
—Absorption— In experiments absorption plays an
important role and can included in the effective non-
Hermitian Hamiltonian by adding many weakly coupled
decaying channels. Therefore we introduce in addition
to the M transmitting channels NA weakly coupled ficti-
tious channels to describe absorption. We assume NA is
large and all fictitious channels have equal tiny coupling
κA. Thus transmission through these channels can be
computed from Eq. (5) and we have:
TW = 4NAκA . (12)
We can estimate the effect of absorption on the con-
ductance and its variance. Assuming equal coupling to
the transmitting channels, for an incident wave in chan-
nel a, the transmitted part is T . The part which will
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FIG. 2. (color online) Conductance (left) and its fluctuations
(right) as function of coupling κ. Red circles refer to val-
ues without absorption, while blue squares refer to the values
with constant absorption κA = 0.02. Left panel: analytical
result for the conductance (curves), see Eq. (15), are shown
together with numerical results (symbols). Right panel: nu-
merical results for var(G) without absorption (red circles) and
with absorption (blue squares) are shown. The full blue curve
has been obtained by multiplying the data of var(G) without
absorption by the absorption factor q2a, see Eq. (13). The
dashed horizontal lines refer to theoretical value of the vari-
ance of G at perfect coupling, see Eq. (10). Numerical data
have been obtained using a GOE matrix with N = 200 ele-
ments, M = 4 transmitting channels and N −M absorbing
channels. 104 ensemble realization have been used to obtain
the numerical data.
escape through the other transmitting channels is pro-
portional to (M − 1)T , the part which gets lost in the
absorbing channels is proportional to TW and the part
which escapes back from the same entering channels is
proportional to FT , where F is the enhancement factor.
Following the same reasoning done for Eq. (7), we can
now evaluate the cross section between channels a and
b in presence of absorption as: 〈σab〉 = T 2(M−1+F )T+TW ,
which can be written as:
〈σab〉 = T
M − 1 + F
(
1− TW
(M − 1 + F )T + TW
)
= qa〈σab0 〉 ,
(13)
where σab0 is the cross section in absence of absorption,
see Eq. (7), and the absorbing factor is given by
qa =
〈σab〉
〈σab0 〉
= 1− TW
(M − 1 + F )T + TW (14)
For the conductance in presence of absorption we have
〈G〉 = qa〈G0〉 (15)
while for its variance var(G) = q2avar(G0). In Fig. (2)
we compare numerical results obtained with random ma-
trix approach with the theoretical estimates of the effect
of constant absorption. Both for the case of conduc-
tance and of its variance, the absorbing factor defined
in Eq. (13) accounts nicely for the effects of absorption.
—Experimental set-up— Fig. 3(a) shows a photograph
of the used setup with a raised top plate. The billiard is
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FIG. 3. (color online) (a) A photograph of the setup and (b)
sketch of the microwave resonator with a height of 8 mm.
made out of aluminium and in (b) one can see the shape
of the billiard, which generates a classical chaotic behav-
ior. The four circle insets with variable positions were
introduced to avoid direct processes between the four an-
tennas a, b, c, and d. For the ensemble average, different
positions of the circles and rotations of the ellipse were
chosen (in the photograph the brass ellipse can be seen
at the center of the top plate). For each configuration
of the circles we measured the scattering matrix for 200
different angles (in steps of 1.8◦).
For these measurements a four-port vector network an-
alyzer (Agilent E5071C) was used, which allows to mea-
sure all components of the (4× 4) S-matrix without the
need of a permanent change of cables between the dif-
ferent antennas. The S-matrix was determined in a fre-
quency range from 2 to 18 GHz in steps of 0.2 MHz. The
height of the billiard is h = 8 mm and so for frequencies
ν < c2·h ≈ 18.7 GHz the describing Helmholtz equation is
fully equivalent to the two dimensional Schro¨dinger equa-
tion [28]. The four attached antennas extends 5 mm into
the resonator and were chosen to be as similar as possi-
ble. Transmissions between different channels have been
computed as a function of the frequency of the incoming
wave σab(ν) = |Sab(ν)|2, with a 6= b. We are interested
in the cross section as a function of the coupling κ and
not as a function of the frequency. In our experiments
the mean scattering amplitude 〈Sii(ν)〉 is not always real
due to global phase shifts induced mainly by the anten-
nas [29]. Following the procedure used in [30], we use the
complex version of Eq. (5), obeying equation
T i = 1− |〈Sii〉|2 = 4Re(κi)/|1 + κi|2, (16)
thus minimizing the effect coming from the phase of 〈Sii〉.
By averaging over windows of 100 MHz, all samples, and
the 4 antennas, the coupling is extracted according to
Eq. (16). The results are plotted in Fig. (4) left panel.
With this averaged coupling dependence we have a map-
ping between the frequency axis and the coupling axis.
Figure 4 right panel, shows the dependence of wall ab-
sorption (TW ) of the used aluminium billiard extracted
from the exponential decay of the auto-correlation func-
tions [31].
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FIG. 4. (color online) (a) Coupling κ as a function of the fre-
quency ν. The dashed red curve show a cubic approximation
(κ = −0.0043ν + 0.0006ν2 + 0.0006ν3). (b) Wall absorption
(TW is the transmission to the wall channels) as a function of
the frequency. The dashed red curve shows a linear approxi-
mation (TW = −1.4 + 0.82ν).
0 0.2 0.4 0.6 0.8 1
κ
0
0.1
0.2
0.3
0.4
G
0 0.2 0.4 0.6 0.8 1
κ
0
0.005
0.01
0.015
0.02
V
ar
G
FIG. 5. (color online) Experimental conductance, (a) and
its variance (b) as a function of the mean coupling κ for a
frequency average of 100 MHz. The symbols correspond to
the experimental data. In (a) the dashed curved is given by
the analytical expression Eq. (15), whereas in (b) the dashed
curve has been obtained by multiplying the numerical results
for the case of no absorption by the absorbing factor qa, see
Eqs. (13) and (14). Numerical data have been obtained from
a GOE matrix 200 × 200 with M = 4 channels, using 104
ensemble realizations.
Following Ref. [31] we can write TW =
∑NA
a=1 T
a, where
NA is the number of absorbing channels and T
a is the
transmission coefficient for each absorbing channels. The
dependence of transmission coefficients on the coupling
is given in Eq. (5). Since the coupling to the absorp-
tion channels is small, and assuming uniform coupling,
we have: TW ≈ 4NAκA. From Fig. (4) we can obtain
by a fitting the dependence of the wall absorption on fre-
quency ν. Combining this result with the dependence of
κ on the frequency, we can extract the dependence of TW
on κ, thus fixing all parameter in our model.
—Experimental results— We measured the 16 elements
of the scattering matrix Sab and calculated the cross sec-
tions σab. σ as a function of κ is averaged first on a grid
of step size ∆κ = 1/25 (see Eq. 1). Afterwards we aver-
aged over the 200 rotation positions (steps of 1.8◦) and
three different positions of the circle. Now we calculated
the correlation function and thereafter averaged over all
possible antenna combinations.
5The experimental results and numerical simulations of
the conductance and its variance are shown in Fig. 5.
Once the effect of absorption is taken into account a
good agreement is obtained between experimental data
(symbols) and RMT results (dashed curves), especially
as there is no free parameter.
In Fig. 1 the dependence of the two correlations CΣ
(blue circles) and CΛ (red squares) on the channel cou-
pling κ are shown. The dashed lines are results from ran-
dom matrix numerics obtained by multiplying the chan-
nel correlations obtained for zero absorption by the ab-
sorption factor squared [see Eq. (13)]. One can clearly
see an anti-phased behavior of the two correlation func-
tions. A slightly better agreement between experiment
and numerics is observed when we directly take the val-
ues from Fig. 4 and not the fitted values, also leading to
additional fluctuations in the numerical curves.
—Conclusion— Here we report the experimental con-
firmation of the specific dependence of the channel cor-
relations in the ballistic regime as a function of the cou-
pling strength with the continuum of states in the exter-
nal environment. The experimental results reported here
shed light on the nature of correlations between different
channels which plays a fundamental role in the quan-
tum features of mesoscopic transport. We showed that
the channel correlations have a typical anti-phased cou-
pling dependence. Such channel correlations constitute a
specific signature of coherent transport and their role is
essential in understanding universal conductance fluctu-
ations. Note that channel correlations are relevant also
in nuclear physics in the context of Ericson fluctuations,
see discussion in Ref. [32–34].
In order to compare experimental results with theoret-
ical predictions from RMT, the absorption needs to be
taken into account. Using an absorbing factor, which has
been computed analytically, a good agreement is found
for the averaged conductance and its variance. Apart
from the antiphased-structure of the two correlation func-
tions even a quantitative agreement is found between nu-
merical RMT estimates with the experiments, where the
absorption has been fixed in advance, the only free pa-
rameter in the RMT model.
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